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Abstract 

Let f(n, k) be the largest number of positive integers not exceed- 
ing n from which one cannot select k + 1 pairwise coprime integers, 
and let E(n, k) be the set of positive integers which do not exceed n 
and can be divided by at least one of Pi,P2, ■ ■ ■ ,Pki where pi is the 
i-th prime. In 1962, P. Erdos conjectured that f(n,k) = \E(n,k)\ 
for all n > pk- In 1973, S. L. G. Choi proved that the conjecture 
is true for k = 3. In 1994, Ahlswede and Kachatrian disproved the 
conjecture for k = 212. In this paper we prove that, for n > 49, if 
A(n, 4) is a set of positive integers not exceeding n from which one 
cannot select 5 pairwise coprime integers and \A(n, 4)| > \E(n,4)\, 
then A(n, 4) = E(n, 4). In particular, the conjecture is true for k = 4. 
Several open problems and conjectures are posed for further research. 
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1 Introduction 



Let pi be the i-th prime. Let f(n,k) be the largest number of positive 
integers not exceeding n from which one cannot select k + 1 pairwise coprime 
integers, and let E(n, k) be the set of positive integers not exceeding n and 
divisible by at least one of p±,P2, ■ ■ ■ ,Pk- It is clear that f(n, k) > \E(n, k)\ 
for all n, k and f(n, k) = n = \E(n, k)\ + l for n < p k . In 1962, P. Erdos [2] [3] 
conjectured that f(n, k) = \E(n, k) \ for all n > pk- It is easy to see that the 
conjecture is true for k — 1, 2. Let A(n, k) be a set of positive integers not 
exceeding n from which one cannot select k + 1 pairwise coprime integers. 
In 1973, S. L. G. Choi |4J proved that for k = 3 the conjecture is true and 
for n > 150, if |A(?i,3)| = \E(n, 3)|, then A(n, 3) = _E(n,3) (it is remarked 
that it is possible to prove this for n > 92). In 1985, the conjecture for 
k = 3 is also proved by Szabo and Toth. In 1994, R. Ahlswede and L. 
H. Khachatrian [1] proved that the conjecture is false for k = 212. In the 
sequel, Erdos relaxed his conjecture to: For each k there are only finitely 
many n satisfying f(n, k) ^ \E(n, k)\. 

In this paper we prove the following results. In particular, the original 
conjecture of Erdos is true for k = 4. 

Theorem 1. Let n > 55. If\A(n,3)\ > \E(n,3)\, then A(n,3) = E(n,3). 
Furthermore 55 is the best possible. 

Theorem 2. Let n > 7. If\A(n,4)\ > \E(n,4)\, then |A(n,4)| = \E(n,4)\ 
for 7 < n < 48 and A(n,4) = E(n,4) for n > 49. Furthermore 49 is the 
best possible. 

In particular, f(n,4) = \E(n, 4)| for all n > 7. 

Let Fk be the set of integers which can be divided by at least one of 
Pi,p 2 , ■ ■ ■ ,Pk- Let [m, n] — {m, m + 1, . . . , n}. By definition, F k n [1, n] = 
E(n, k) for all n > 1. 

We pose the following conjectures: 
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Conjecture 1. Let k > 3. For n = p\Pi ■ ■ -Pk~ Pk+i we have f(n, k) = 
\E(n,k)\. 

Conjecture 2. Let k > 3, 1 be two positive integers. For any integer a with 
-Pk+i + 1 <a< pxpi . . .pk-Pk+i, if ' B k< i(a) is a subset of[-p k+1 + l,a] such 
that one cannot select k + 1 pairwise coprime integers from {P1P2 ■ ■ ■ Pkl + b : 
b e B ki i(a)} } then 

\B k j(a)\ < \F k n[-p k+1 + l,a}\. 

Conjecture 3. For any integer k > 3 there exists an integer n k such that 
for n > n k , if \A(n, k)\ > \E(n, k)\, then A(n, k) = E(n, k). 

Remark 1. Let E(k) denote the least such n k . By TheoremsUl and{E we 
have E(3) = 55 and E(4) = 49. Similarly, one may derive that E(l) = 4 
and E{2) = 9. 

Let A(p 2 k -l,k) = (F k n [l,p 2 k - 1] U {p k+1 }) \ {p k }. Then A{p\ - 1, k) + 
E(pl - 1, k) and \A{p\ - = \E{p\ - l,k)\- So E(k) > p\. 

Theorem 3. Conjectures^ and\^ are true for k = 3, 4. 

Remark 2. Conjecture^ for k = 3 follows from the original conjecture of 
Erdos for k = 3. For given k > A, Conjecture^ can be verified by the method 
in Section^ 

Theorem 4. Suppose that no,lo ar & two positive integers such that Conjec- 
ture^ is true for all I > Iq, and \ A(n, k)\ > \E(n, k)\ implies that A(n, k) = 
E(n, k) for n < n < pip 2 . . -p k lo —Pk+i- Then \ A(n, k)\ > \E(n, k)\ implies 
that A(n, k) = E(n, k) for all n > n . 

In the last section we pose several open problems and a conjecture for 
further research. 
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2 Proof of Theorem 
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We use induction on n. By the condition we have that \A(n, k)\ > \E(n, k)\ 
implies that A(n, k) = E(n, k) for n < n < pvp 2 . . -Pklo — Pk+i- Suppose 
that \A(n, k)\ > \E(n, k)\ implies that A(n, k) = E(n, k) for all < n < m 
(m > p\p 2 . . -Pkh —Pk+i) and Conjecture [2] is true for all / > l . Then there 
exist two integers I, a with — p k+1 + 1 < a < p\p 2 . . . Pk — Pk+i such that 

m = p!p 2 . ■ -Pkl + a, l>l . 

Let 

B k ,i(a) = {b : p x p 2 ...p k l + b<E A(m, k), -p k+ i + 1 <b <a}. 

Then one cannot select k+1 pairwise coprime integers from the set {pip 2 ■ ■ ■ p k l+ 
b : b G Bkj(a)}. By Conjecture [2] we have 

\A(m, k) n \pip 2 ...pkl- Pk+i + 1, rn) | 
= \B ki i(a)\ < \F k n[-p k+1 + l,a)\ 

= \F k n [pip 2 • • -Pkl -Pk+i + 

If |A(m,A;)| > \E(m,k)\ = \F k n [l,m]|, then 

\A(m, k) n [l,pip 2 • • -Pfci -Pfc+i]| > Wk n [l,PiP2 • • -Pfc^ — Pfc+i]|- 
By the induction hypothesis we have 

A(m, k) n [l,pip 2 • • -PfeZ -pjfc+i] = -E(piP2 • .-Pkl-Pk+i, k). 

Thus, p 1 ,p 2 ,...,Pk G A(m, fc). If (i,Pi---Pk) = 1, then i ^ A(m, fc). 
Hence A(m, fc) C E(m,k). Since |A(m, fe)| > |-E(m, we have A(m, fc) = 
£7(771, fc). This completes the proof of Theorem HI 

3 Preliminary Lemmas for Conjecture [2] 

Let k > 3,1 be two positive integers and let 

T k = {a: -Pk+i + 1 < a < p x p 2 ...p k - p k +i, (a,pip 2 ■■■Pk) = !}■ 
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For any integer a, let B ki i(a) be a subset of [— p k+ i + 1, a ] such that one 
cannot select k + 1 pairwise coprime integers from {p\P2 ■ ■ ■ Pkl + b : b E 
B k>l (a)}. 

Lemma 1. Conjecture^ is true for a G { — 1,1}. 

Proof. Let a G {— 1, 1}. If b G [— Pfc+i + l,a] and b g {-1, 1}, then b G 
.Ffc fl [— pk+i + 1, a]. Since the integers in the set 

{P1P2 ...p k l + b:b= -p k , -p fc _i, . . . , -pi, -1, 1} 

are coprime each other, we have 

\B k ,i(a) n {-p fc , — Pfc-i, . . . , -pi, -1, 1}| < k = \{~Pk, -Pk-i, ■ ■ ~Pi}\- 

Therefore 

\B K i{a)\ < |F fc n[-j?fc + i + l,a]|. 
This completes the proof of Lemma [TJ □ 

Lemma 2. Suppose that —pk+i + 1 < b < a < pip 2 . . . p k —Pk+i, Conjecture 
[H is true for 6 — 1 and | B ki i(a) D [6, a] | < | F fc n [6, a] | . T/ien 

|5 fc ,,(a)| < |F fe n[-p fc+ i + l,a]|. 
In particular, if Conjecture^ is true for a — 1 and a ^ B k i(a) U TJ., i/ien 

|S fc ,,(a)| < |F fc n[-pfc+i + l,a]|. 
Proof. By the assumption we have 

\B kjl (a)n[-p k+1 + l,b-l]\ < |F A n[-p fc+ i + l,6-l]|. 
Since \B k> i(a) fl [b, a\\ < \F k f} [b, a}\, we have 

\B k ,i(a)\ < |F fe n[-p fc+ i + l,a]|. 

If a ^ B k) i(a) UTfc, then either a ^ B k j(a) or a G Thus l-B^a) fl [a, a]| < 
D [a, a]|. Hence 

|S M (a)| < |F fc n[-pfc+i + l,a]|. 
This completes the proof of Lemma [2j □ 
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Definition 1. Let I be an integer and a± < a 2 < • • • < a t be integers, 
{ax, a 2 , . . . , a t } is called a l-good set if {p\p 2 ■ ■ -Pkl + o>i, a« — a,j) = 1(1 < i < 
3<t). 

{ai, a,2, ■ ■ ■ , at} is called a good set if (aj, dj,pxP2 . . .p k ) = 1 for all 

1 < i < j < t and a, — a 3 - has no prime factors more than p k for any i ^ j. 
It is clear that a good set {ai, a 2 , . . . , a t } is also a Z-good set for any integer 
/. 

Lemma 3. If{ai, a 2 , . . . , a t } is a l-good set, thenpip 2 ■ ■ ■ Pkl+ai,PiP2 ■ ■ -Pkl+ 
0,2, ■■■ , P1P2 ■ ■ ■ Pkl + ctt o,re pairwise coprime. 

In particular, if {a±, a 2 , ■ ■ ■ , a t } is a l-good set, then 

\B ki i(a) H {a 1 ,a 2 , . . . ,a t }\ < k. 

The proof follows from the definition of l-good set immediately. 

Lemma 4. Conjecture^ is true for a G {pk+i,Pk+2} ■ 

Proof. For a positive integer n we use P(n) to denote the largest prime 
factor of n. By the definition, {pi,p 2 , . . . ,Pk+i} and {p\,P2, ■ ■ ■ ,Pk+i} are 
both good sets. By the Bertrand's postulate we have p k+2 < 2p k+ i. For 

2 < i < k + 1 we have P{pk+2 - Pi) < \pk+2 < Pk+i- 

Case 1: p k+2 - 2 is composite. We have P(pk+2 - Pi) < ^Pk+2 < Pk+i- 
So {pi,p 2 , ■ ■ ■ ,Pk+i,Pk+2} is a good set. By Lemma [3] we have 

\B k ,l( a ) n {PUP2, ■ ■ ■ ,Pk+l,Pk+2}\ <k = \{pi,P2, ■ ■ -,Pk}\- 

If Pi < 6 <a with 6 ^ {pi,p 2 , • • • ,p k +i,Pk+2}, then 

b € F k \ {pi,p2, ■ ■ ■ ,Pk}- 

Hence 

|Sjfe,i(a) D [pi,a}\ < \Fk fl [pi, a]|. 
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Case 2: p k+2 — 2 is a prime. Then p k+2 — 2 2 is composite. P{p k +2—P\) < 
\Pk+2 < Pk+i- So {pl,P2, ■ ■ .,Pk+i,Pk+2} is a good set. Similar to Case 1 we 
have 

\B h ,i(a) n [P2,a]\ < \F k n\p2,a]\. 

By Lemma El Conjecture [2] is true for a 6 {^+1,^+2}. This completes 
the proof of Lemma HI □ 

Lemma 5. Suppose that a G T k r\B k ^(a) . Lei — Pfc+i + 1 <b < a, U\, . . . ,U r 
be pairwise disjoint subsets of F k D [6, a] witt = — 1, (1 < i < r) ; 
and S±, S 2 , ■ ■ ■ , S r 6e subsets ofT k with 

(1) B fc ,,(a) n T fc n [6, a] C S 1 U S 2 U ■ ■ • U S r . 

Suppose that 

(i) if \Ui\ = k, then Uj U Si is a l-good set; 

(ii) if \Ui\ = k — 1, then a ^ Si and TJ\ U S% U {a} is a l-good set. 
Then |S w (a)n[6,a]| < |F fc n[6,o]|. 

Proof. By Lemma [3] we have 

\B Kl {a) n (Ui U 3i)\ < k = \Ui\, if \Ui\ = k, 

|£ M (a)n(^U^)l = |S^(a)n(^U^U{a})|-l < k-1 = \U t \, if \U { \ = k-l. 
Hence 

r r 

(2) ^ |S fti ,(a) n (Ui us t )\<J2 \Ui\ = Wi u u 2 u • • • u c/ r |. 

i=l i=l 

By ([1]) we have 

(3) B kil (a) n T fc n [6, a] = £? M (a) n [6, a] n (Si U • ■ ■ U S r ). 
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By ([3]) we have 



\B k)l (a) n [b,a}\ 

= \B kjl (a) n T fe n [6, a] | + |5 M (a) n [6, a] D {U x U • • • U U r )\ 

+ \B kl i{a) n [6, a] n (F* \ (I/i U • • • U C/ r ))| 
= |S fcj ,(a) D [6, a] D (Si U • • ■ U S r )\ + \B K i{a) n [6, a] n (C/i U • • • U t/r)| 

+|Sft,,(a) n [6, a] n (F fe \ U • • ■ U U r ))\ 
= \B kt i(a) n[6,a]n((/iU5iU---Uf/ r U S r )\ 

+\B k ,i(a) n [6, a] n (F k \ (U x U • • • U U r ))\ 
< \U X U U 2 U • • • U C/ r | + I [6, a] n (F fe \ {U x U • • • U U r ))\ 
= \F k n[b,a}\. 

This completes the proof of Lemma [51 □ 

Remark. In the application, we need only to give Ui U Si (1 < i < r). 
It is natural to take 6 being the least integer in the set U\ U5i U • • • U U r US r . 

4 Conjecture [2] for k = 3 

In this section we prove that Conjecture [2] for = 3 is true. We have 
T 3 = {-1, 1, 7, 11, 13, 17, 19, 23}. We use induction on a e [-6, 23]. 

It is clear that | B 3>1 (-6) | < 1 = |F 3 n[-6, -6]|. Suppose that a e [-5,23] 
and |-B 3j i(a')| < |F 3 n [—6, a'] | for all a' e [-6, a - 1] and all B 3<l (a'). By 
Lemma [2] we may assume that a G T 3 D B 3 j(a). By Lemmas [1] and [21 
Conjecture [2] is true for k = 3 and a G { — 1, 1, 7, 11}. 

By Lemma H] and the remark of Lemma [5J it is enough to give Ui U Si 
(1 < i < r) which satisfy Lemma [5] for a G {13, 17, 19,23}. 

Case 1: a = 13, 17, 19. Let 

L7iU5i = {8,9,5,7,11,13,17}, 
U 2 US 2 = {4,3,-5,1,-1,19}. 
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Case 2: a = 23. Let 

Ut U Si = {8,3,5,11,23}, 

U 2 US 2 = {-2,-3,-5,-1,1,7}, 
U 3 U £3 = {21, 22, 13, 17, 19}. 
This completes the proof of Conjecture [2] for k = 3. 

5 Proof of Theorem H 

Let 

A(54,3) = (F 3 \{5,25})U{7,49}. 

Then v4(54, 3) does not contain 4 pairwise coprime integers, |v4(54, 3)| = 
|F 3 n[l,54]| and A(54, 3) ^F 3 n[l,54]. 

We will prove that for 55 < n < 83 = 30x3-7, if \A{n,3)\ > |F 3 n[l,ra]|, 
then A(n,3) = F 3 n [l,n]. 

Let f/i be the set of all primes together with 1. Let 

tf 2 = {2 2 ,3 2 ,5 2 ,77}, 

# 3 = {2 3 ,3 3 ,55,7 2 }, 
i/4 = i 71 3\{2,3,5,2 2 ,3 2 ,5 2 ,2 3 ,3 3 ,55}. 
For 55 < n < 83, we have 

\A(n,3) n Hx\ < 3, 

\A(n,3)<lH 2 \ < 3, 
L4(n,3) n H 3 \ < 3, 
\A(n,3)nH 4 \ < \F 3 n [l,n}\ -9, 
[l,n] C HiU H 2 U H 3 U H 4 . 
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Hence 

4 

\A(n,3)\ <^2\A(n,3)nHt\ < |F 3 n[l,ra]|. 

8=1 

Since \A{n,3)\ > |F 3 n[l,n]|, we have |A(n,3)| = |F 3 n[l,n]|, \A(n,3)nHi\ = 
3(1 < i < 3) and \A(n, 3) n H 4 \ = \F 3 n [l,n]| - 9. By |A(n,3) n H 4 \ = 
\Fs PI [1, n] | — 9 we have 2 4 , 51 G A(n, 3). Since 2 4 , 51, 7, 11 are coprime each 
other,we have either 7 ^ A(n, 3) or 11 ^ A(n, 3). By \A(n, 3) fl if 2 | = 3 we 
have A(n, 3) n H x C {2, 3, 5, 7, 11}. 

If 7 G A(n,3) or 11 G A(n,3), then by 2 4 , 3 x 17 G A(n, 3) we have 
5 2 , 5x 13 i A{n, 3). By \A(n, 3)nH 2 \ = 3 we have A(n, 3)n^ 2 = {2 2 , 3 2 , 77}. 
So n > 77. By \A(n,3) n H 4 \ = \F 3 n [l,n]| - 9 we have 5 x 13 G A(n,3), 
a contradiction. Hence 7,11 ^ A(n, 3). By 3) PI = 3 we have 

A(n, 3)nHi = {2, 3, 5}. Thus, if (m, 30) = 1, then m ^ A(n, 3). This implies 
that A(n,3) C F 3 . By |A(n,3)| > |F 3 n[l,n]|, we have A(n, 3) = F 3 n[l,n]. 

Now Theorem [1] follows from Theorem H] and Conjecture [21 

6 Conjecture [2] for k = 4 

In this section we prove that Conjecture [2] for k = 4 is true. We have 

T 4 = {m : -10 < m < 199, (m, 210) = 1} 

= {-1, 1, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 
83, 89, 97, 101, 103, 107, 109, 113, 121, 127, 131, 137, 139, 143, 149, 151, 
157, 163, 167, 169, 173, 179, 181, 187, 191, 193, 197, 199}. 

We use induction on a G [—10, 199]. 

It is clear that |5 4) j(-10)| < 1 = \F A n [-10, — 10] | . Suppose that a G 
[-9,199] and \B 4>l (a')\ < \F A n [-10, a'] | for all a' G [-10, a - 1] and all 
B^i(a'). By Lemma [2] we may assume that a G T 4 D B^i(a). By Lemmas CD 
and El Conjecture [2] is true for k = 4 and a G {—1, 1, 11, 13}. 

By Lemma H] and the remark of Lemma El it is enough to give Ui U Si 
(1 < i < r) which satisfy Lemma [5] for a G T 4 with a > 17. 
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Case 1: a = 17, 19, 23, 29, 31. Let 

U 1 US 1 = {-7, 5, 9, 8} U {-1, 11, 13, 17, 23, 29}, 

U 2 US 2 = {7, -5, 3, 4} U {1,19, 31}. 
Case 2: a = 37,41. Let 

U, U Si = {-7, 5, -9, -4} U {-1, 1, 11, 41}, 

U 2 US 2 = {7, -5, 9, 16} U {13, 19, 23, 37}, 
U 3 US 3 = {25, 27, 32} U {17, 29, 31}. 
Case 3: a = 43, 47. Let 

U, U S, = {-7, 5, -3, 2} U {-1, 11, 17, 47}, 

U 2 US 2 = {7, -5, 3, -2} U {1, 13, 19, 43}, 
U 3 U S 3 = {35, 33, 38} U {23, 29, 31, 37, 41}. 
Case 4: a = 53. Let 

U 1 US 1 = {49, 25, 39, 46} U {37, 41, 43, 53}, 

U 2 US 2 = {35, 33, 38} U {17, 23, 29, 47}, 
U 3 US 3 = {7, -5, 3, 4} U {-1, 1, 11, 13, 19, 31}. 
Case 5: a = 59, 61, 67. Let 

E/i U Si = {49, 55, 51, 58} U {53, 59, 61, 67}. 

Case 6: a = 71. 

If 11 {210/ + 71, then 

U 1 US 1 = {49, 55, 51, 46} U {47, 53, 61, 67, 71}, 

f/ 2 U 1 S 2 = {65,57,64}U{59}. 
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If 11 I 210/ + 71, then 

U 1 US 1 = {7, 55, 57, 22} U {43, 47, 67, 71}, 

f/ 2 U S 2 = {65, 69, 68} U {41, 53, 59, 61}, 
U 3 US 3 = {49, 25, 39, 34} U {19, 29, 31, 37}, 
U A U S 4 = {-7, 5, 8, 3} U {-1, 1, 11, 13, 17, 23}. 
Case 7: a = 73. Let 

E/i U Si = {49, 55, 57, 64} U {59, 61, 67, 73}, 

U 2 U S 2 = {65, 69, 68} U {53, 71}. 
Case 8: a = 79, 83, 89. Let 

\J X u Si = {49, 55, 51, 58} U {53, 59, 61, 67}, 

U 2 U S 2 = {77, 65, 69, 74} U {71, 73, 79, 83, 89}. 
Case 9: a = 97. Let 

U 1 US 1 = {91, 95, 93, 94} U {97}. 
Case 10: a = 101, 103, 107, 109, 113. Let 

U 1 US 1 = {77, 95, 93, 92} U {83, 101, 107, 113}, 
U 2 U S 2 = {91, 85, 99, 94} U {79, 89, 97, 103, 109}. 
Case 11: a = 121, 127. Let 

U 1 US 1 = {119, 115, 117, 118} U {121, 127}. 

Case 12: a = 131. Let 

Ui U Si = {119, 115, 117, 122} U {121, 127, 131}. 
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Case 13: a = 137, 139, 143. Let 

E/i U Si = {133, 125, 129, 134} U {127, 131, 137, 139, 143}. 

Case 14: a = 149, 151, 157. Let 

U 1 US 1 = {119, 125, 129, 128} U {131, 137, 143, 149}, 

U 2 U S 2 = {133, 145, 141, 136} U {121, 127, 139, 151, 157, 181}. 
Case 15: a = 163, 167. Let 

U 1 US 1 = {161, 155, 153, 158} U {157, 163, 167}. 

Case 16: a = 169, 173, 179, 181. Let U U Si(i = 1, 2) be as in Case 14. Let 

U 3 U S 3 = {161, 155, 159, 164} U {163, 167, 169, 173, 179}. 

Case 17: a = 187. Let 

U x U S ± = {161, 155, 159, 158} U {143, 149, 163, 167, 173, 179}, 

U 2 U S 2 = {133, 145, 117, 142} U {127, 137, 157, 187}, 
U 3 US 3 = {119, 115, 123, 124} U {121, 131, 139, 151}, 
U 4 U S 4 = {185, 183, 178} U {169, 181}. 
Case 18: a = 191, 193, 197. Let 

U 1 US 1 = {161, 185, 177, 176} U {149, 167, 173, 179, 181, 191, 197}, 

U 2 U S 2 = {133, 145, 153, 148} U {121, 151, 157, 163, 169, 193}, 
U 3 U S 3 = {119, 125, 129, 134} U {127, 131, 137, 139, 143}. 
If a = 197, 191, let 

U 4 U S 4 = {155, 183, 182} U {187}. 

If a = 193, let 

U 4 U S 4 = {175, 183, 178} U {187}. 
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Case 19: a = 199. Let 

UiU5i = {161, 145, 141, 146} U {131, 137, 149, 173}, 

U 2 US 2 = {133, 125, 123, 128} U {121, 127}, 
U 3 US 3 = {119, 115, 129, 164} U {139, 143, 179, 199}, 
f/ 4 US 4 = {185, 189, 194} U {187, 191, 193, 197}, 
U 5 US 5 = {175, 171, 172} U {151, 157, 163, 167, 169, 181}. 
This completes the proof of Conjecture [2] for k = 4. 



7 Proof of Theorem [2] and Conjecture [T] for 

fc = 4 

Let 

A(48,4) = (F 4 \{7})U{11}. 

Then A(48,4) does not contain 5 pairwise coprime integers, |A(48,4)| = 
|F 4 H [1,48] | and A(48,4) ^ F 4 n [1,48]. 

We will prove that, if | A(n, 4)| > |F 4 n[l,n]|, then \A(n,4)\ = |F 4 n[l,n]| 
for 7 < n < 48 and A(n, 4) = F A n [1, n\ for 49 < n < 199 = 210 - 11. 

Let W\ be the set of all primes together with 1. 

W 2 = {ll 2 , 7 2 , 5 2 , 3 2 , 2 2 }, W 3 = {11 x 13, 7 x 19, 5 x 23, 3 x 17, 2 5 }, 
Wi = {11 x 17, 7 x 13, 5 3 , 3 3 , 2 3 }, W 5 = {13 2 , 7 x 11, 5 x 17, 3 4 , 2 4 }, 

We = [l,n] \ (W x U • • • U W 5 ) = [l,n] n (F 4 \ Y 1 ), 

where 

Fi = {2, 3, 5, 7, 49, 25, 9, 4, 133, 115, 51, 32, 91, 125, 27, 8, 77, 85, 81, 16}. 
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It is clear that for each 1 < i < 5, the integers in Wi are pairwise coprime. 
Hence, for 7 < n < 199 we have 

|A(n,4)P|Wi| <4 = |[l,n] n {2,3,5,7}| for n > 7, 

\A(nA)f]W 2 \ < |[l,n]n {49,25,9,4}|, 
|A(n,4)P|W 3 | < |[l,n]n {133, 115,51,32}|, 
\A(n,A)f]W 4 \ < |[l,n]n{91, 125,27,8}|, 
\A(n,4)f]W 5 \ < |[l,n]n {77,85,81, 16}|, 

\A(n,4)nW 6 \ < \W 6 \ = |F 4 n[l,n]| - \[l,n]nY 1 \, 
Since [l,n] C \J i=1 W i} we have 

6 

(4) \A(nA)\=^2\A(nA)nWi\ < |F 4 n[l,n]|. 

i=i 

Hence, if 7 < n < 199 and \A{n,A)\ > |F 4 n [l,n]|, then |A(n,4)| = |F 4 n 
[l,n]|. This implies that /(n, 4) = |F(n, 4) for all n> 7. So Conjectured] 
for = 4 is true. 

Now we assume that 49 < n < 199. By (j4j) we have 

\A(n,4)f]W 1 \ =4, |A(n,4) n W 2 | = 4. 

By |A(n,4) nW 2 | =4 we know that if (m, 2 x 3 x 5 x 7 x 11) = 1 and 
1 < m < 199, then m g A(n,A). Thus 

A(n 1 A)nW l C {2,3,5,7,11}, 

(5) A(n,4) C (F 4 U{ll,121,143,187))n [l,n]. 
Suppose that A(n,A) n {11, 121, 143, 187} ^ 0. 

Since A(n,4) D W\ C {2,3,5,7, 11} and |A(n,4) n Wi| = 4, there exists 
a prime p G {2, 3, 5, 7} such that A(n, 4) n Wi = {2, 3, 5, 7, 11} \ {p}, then 
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p,p 2 , 13p, 17p, 19p £ A(n,4). Since n > 49, p < p 2 < n, 13p < 17p < 121 
and 19p < 143, we have 

|{11, 121, 143, 187} n [1, n\ \<\{p, p 2 , 13p, Up, 19p} n [1, n]\. 

Hence 

\A(n,A)\ < |(F 4 U{11,121,143, 187})n [l,n]| 

-\{p,p 2 ,13p,17p,19p}n [l,n)\ 
= |F 4 n [l,n)\ + |{11, 121,143, 187}) n [l,n}\ 

-\{p,p 2 ,13p,17pA9p}n[l,n}\ 
< |F 4 n[l,n]|, 

a contradiction. 

Hence A(n,4) n {11,121,143,187} = 0. By |A(n,4)| > |F 4 n [l,n)\ and 
(ED we have A(n, 4) = F 4 n [1, n] for 49 < n < 199. 

Now Theorem [2] follows from Theorem H] and Conjecture [2j 

8 Final Remarks 

It seems that the method in this paper can be used for large k with more 
complicated arguments. We pose several problems for further research. 

Problem 1. What is the smallest positive integer k for which Erdos original 
conjecture is false? 

Problem 2. Is Erdos original conjecture true or false for infinitely many 
positive integers k? 

Problem 3. Is 

lim sup sup(/(n, k) — E(n, k)) < +oo? 

fc— >-oo ri>l 

In particular, is 

lim sup sup(/(n, k) — E{n, k)) — 1? 
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Problem 4. Is E{k) = pi true or false for infinitely many k? 

Let pi be the i— th prime. Ahlswede and Khachatrian pQ proved that if 
(H) Pt+7P t + s < n < PtPt+9 , Pt+9 <pl 
then for k = t + 3, 

f(n,k) > \E{n,k)\- 

As remark in [1], (H) holds for t = 209. We can verfy that second such 
t is 1823. We pose the following conjecture. 

Conjecture 4. The set of k for which Erdos original conjecture is false has 
the density zero. 
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